For two holomorphic modular forms of half-integral weights k 1 − 1/2 and k 2 − 1/2, respectively, of Neben Typus for
Introduction
For two holomorphic modular forms where ω is a certain Dirichlet character determined by the Neben characters of h 1 and h 2 , and
(for the precise definition of ω, see Section 2.) The analytic properties of this Dirichlet series were investigated by Shimura [12] (see also Mizuno, [10] .) Furthermore the algebraicity of the values of this Dirichlet serries evaluated at halfintegers was deeply investigated by Shimura [12] . However, as far as we know, there is no result about the algebraicity of its special values at integers. In this paper, we investigate the linear dependence of the special values of the RankinSelberg convolution products at integers of two half-integral weight modular forms. To state our main result, let h be a cusp form of half-integral weight k − 1/2 for Γ 0 (4) belonging to Kohnen's plus subspace, and E ) themselves in general (cf. Remark after Theorem 4.2.) At present we don't know whether this type of result holds for any two holomorphic modular forms of half-integral weight. Nevetheless this result seems a little bit surprising. We hope the above result shed a new right on this subject.
A main tool for proving Theorem 4.2 is the twisted Koecher-Maaß series. Let F (Z) be a modular form of weight k with respect to the symplectic group Sp n (Z). Then F (Z) has the following Fourier expansion:
where A runs over all semi-positive definite half-integral matrices over Z of degree n and tr(X) denotes the trace of a matrix X. For a positive integer
where T runs over a complete set of representatives of SL n,N (Z)-equivalence classes of positive definite half-integral matrices of degree n. We note that this Dirichlet series coincides with the Hecke L-function associated to F twisted by χ in case n = 1. Though we are mainly concerned with L(s, F, χ) in this paper, we also define another type of the twisted Koecher-Maaß series
where T runs over a complete set of representatives of SL n (Z)-equivalence classes of positive definite half-integral matrices of degree n, and (T ) = 1 (T ). These two Dirichlet series L(s, F, χ) and L * (s, F, χ) coincide with each other in case n = 1, but they don't in general. To distinguish these two Dirichlet series, we sometimes call L(s, F, χ) and L * (s, F, χ) the twisted Koecher-Maaß series of the first and second kind, respectively. We will discuss the relation between these two Dirichlet series in case n = 2 in Section 3. We write L(s, F ) = L(s, F, χ 0 ) if χ 0 is the principal character. The analytic and arithmetic properties of the Koecher-Maaß series L(s, F, χ) were investigated by Choie and Kohnen [3] (cf. Propositions 1.1 and 1.2.) In particular, its special values at integers have been studied in a general setting by them. In this paper we give an explicit formula of L(s, M (h), χ) for the Maaß lift M (h) of a cusp form h in the Kohnen plus subspace of weight k − 1/2 for Γ 0 (4) and apply it to the special values of convolution products of the half integral weight modular forms. To be more precise, we express L(s, M (h), χ) in terms of Rankin-Selberg convolution products of h and the twisted Zagier Eisenstein series of weight 3/2 (cf. Theorem 2.3.) This also gives a certain generalization of Böcherer's result in [2] . To prove Theorem 2.3, for a modular form F with respect to Sp 2 (Z) we express L(s, F, χ) in terms of the sum of twisted Koecher-Maaß series of the second kind (cf. Theorem 3.8.) On the other hand, we easily get an explicit formula for the twisted Koecher-Maaß series of the second kind for the Maaß lift (cf. Proposition 2.1.) Thus we get Theorem 2.3. By using Theorem 2.3 combined Proposition 1.2, we can immediately get Theorem 4.2.
Furthermore, by using Theorem 2.3, we get the algebraicity of the special values of L(s, M (h), χ) at half-integers for the Hecke eigenform h of half-integral weight stated above. To explain this more precisely, let S(h) be the normalized Hecke eigenform corresponding to h under the Shimura correspondence, and Q(S(h)) the field generated over Q by all the Fourier coefficients of f. As is well known, Q(S(h)) is a totally real field. Furthermore, let u − (S(h)) be the complex numbers defined in [12] . Then under a certain condition, the value L(l/2, M (h), χ) belongs to the vector space Q(S(h))u − (S(h))(χ)π l−1 √ −1 for any odd integer such that 1 ≤ l ≤ 2k − 3 and a primitive Dirichlet character χ of odd conductor (cf. Theorem 4.1.) This type of result was obtained for the Ikeda lift in [7] when χ is the principal character. On the other hand, in this paper, we get such a result for infinitely many primitive character. We note that the above theorem is not a special case of Choie and Kohnen's result. Actually they treated the values of Koecher-Maaß series at integers. On the other hand, we treat the values at half-integers. Finally we also get a functional equation of the Rankin-Selberg convolution product stated above (cf. Theorem 4.4.) Notation. We denote by e(x) = exp(2π √ −1x) for a complex number x. For a commutative ring R, we denote by M mn (R) the set of (m, n)-matrices with entries in R. For an (m, n)-matrix X and an (m, m)-matrix A, we write A[X] = t XAX, where t X denotes the transpose of X. Let a be an element of R. Then for an element X of M mn (R) we often use the same symbol X to denote the coset
where det A denotes the determinant of a square matrix A, and R * denotes the unit group of R. Let S n (R) denote the set of symmetric matrices of degree n with entries in R. Furthermore, for an integral domain R of characteristic different from 2, let L n (R) denote the set of half-integral matrices of degree n over R, that is, L n (R) is the set of symmetric matrices of degree n whose (i, j)-component belongs to R or 1 2 R according as i = j or not. We call an element of 2L n (R) an even-integral matrix over R. We simply write L n (Z) as L n . In particular, if S is a subset of S n (R) with R the field of real numbers, we denote by S >0 (resp. S ≥0 ) the subset of S consisting of positive definite (resp. semi-positive definite) matrices. GL n (R) acts on the set S n (R) in the following way:
Let G be a subgroup of GL n (R). For a subset B of S n (R) stable under the action of G we denote by B/G the set of equivalence classes of B with respect to GL n (R). We sometimes identify B/G with a complete set of representatives of B/G. We abbreviate B/GL n (R) as B/ ∼ if there is no fear of confusion. Two symmetric matrices A and A with entries in R are called equivalent with each other with respect to G and write
. We also write A ∼ A if there is no fear of confusion. For square matrices X and
) .
Twisted Koecher-Maaß series
We denote by H n the Siegel's upper half space of degree n. Let Γ n be the symplectic group of degree n. For a positive integer k, we denote by M k (Γ n ) (resp. S k (Γ n ) the space of holomorphic modular forms (resp. cusp forms) of weight k for Γ n . For a modular form F (Z) of weight k with respect to Γ n and a Dirichlet character χ mod N let L(s, F, χ) be the Koecher-Maaß series for F twisted by χ as in the Introduction. We review the analytic and arithmetic properties of L(s, F, χ) following Choie and Kohnen [3] (see also Maaß [9] , Arakawa [1] .)
, and χ a primitive character of conductor
and put
where τ (χ) is the Gauss sum of χ. Then Λ(s, F, χ) has an analytic continuation to the whole s-plane and has the following functional equation:
for any primitive character χ of conductor N and any integer m such that We remark that the analytic and the arithmetic properties of L * (s, F, χ) are not so well-known in general.
Twisted Koecher-Maaß series of the Maaß lift
From now on we assume that k is an even positive integer. Let N be a positive integer, and χ be a Dirichlet character mod N. We then denote by
the space of C ∞ modular forms of weight k − 1/2 and Neben character χ for
the space of holomorphic modular forms (resp. cusp forms) of weight k − 1/2 and Neben character χ for Γ 0 (4N ). We write 4N ) ) and the others if χ is a trivial character. We denote by
As for the precise definition of the Kohnen plus subspace, see [8] . Let h be an element of
Then h has the following Fourier expansion:
(e)e(ez),
where e runs over all positive integers such that (−1)
and
where S(h) is the Hecke eigenform in S 2k−2 (Γ 1 ) corresponding to h under the Shimura correspondence (cf. [5] .) We call M (h) the Maaß lift of h. For any D ∈ Z >0 , we put
where
Furthermore, for a Dirichlet character η of conductor N, we define Zagier's Eisenstein series E (η) 3/2 (z) of weight 3/2 twisted by η as
, and there exists a 
3/2 (z) is holomorphic on H 1 and therefore by the above growth condition, we see that it belongs
2 )). Now let k and l be positive integers and η 1 and η 2 Dirichlet character mod N 1 and N 2 , respepctively. For h 1 
, η 2 ) with the following Fourier expansion
If χ is a primitive Dirichlet character mod N, and h belongs to M k−1/2 (Γ 0 (4)), then we can also define L(s, h, E We then put
Then it is independent of the choice of m, and χ (p) is a character mod p e . Furthermore we have
First we give an explicit formula of L * (s, M (h), χ). 
Proof. This is a natural generalization of the result given in Satz 3 [2] p.20. D(a 11 , a 12 , a 22 ), and A(T ) the T -th Fourier coefficient of M (h). Then, collecting the terms by the value e = e(T ), one has
By the definition of the Fourier coefficient A(T ) of M (h)
, we see that the inner sum is equal to
Thus we obtain
Collecting the terms in the summation by the value d = det 2T , we have
This proves the assertion.
Our calculations are also applicable to the Siegel-Eisenstein series of degree 2 and even weight k ≥ 4 defined by
where the sum is taken over all non-associated coprime symmetric pairs {C, D} of degree 2. For a non-negative integer m, the Cohen function
where the positive integer f is defined by
)e(mz).
It is known that H k−1 (z) is a modular form of weight k − 1/2 belonging to the Kohnen plus space and that the Saito-Kurokawa lift of H k−1 (z) coincides with E 2,k (Z) up to a scalar multiple, namely the T -th Fourier coefficient of E 2,k (Z) for a positive definite T is (B k : the k-th Bernoulli number)
By the same argument as above, we have
Proposition 2.2. Let N and χ be as in Proposition 2.1. Then we have
Now a main tool for the proof of Theorem 4.2 is: 
Theorem. 2.3. Let h be a Hecke eigenform in S
3/2 )). 
3/2 )).
Remark 1.
The expression in (2) of the above two theorems does not depend on the choice ofχ.
Remark 2. In [6] , and [7] , the first named author got an explicit formula for L(s, F ) when F is the Klingen Eisenstein lift and the Ikeda lift of an elliptic cuspidal Hecke eigenform, respectively. It is interesting to generalize these results to twisted cases.
Twisted Koecher-Maaß series of degree two
Let χ be a primitive character mod N . For A ∈ L n>0 , put 
χ(tr(A[U ])).

Proposition 3.1. Let
Now we shall compute h(A, χ) in the case where
A is an element of L 2>0 . First we remark the following elementary lemma, which can be proved by Chinese remainder theorem. 
From now on let A be an element of L 2>0 . For each c ∈ Z, put
Then we have
To compute #R N (A, c), we need two lemmas. The following lemma can easily be proved by using the usual p-adic Newton approximation method. 
Corollary. We have
Proof. We may assume that A =
I(A, c; s, t).
Then we have I(A, c) = p 2 #R p (A, c).
and therefore we have
This implies that we have
This proves the assertion for e = 1, and by Lemma 3.3, we prove the assertion for a general case. 
if r ≤ e − 1, and
Remark. The above assertion for e = 1 can also be proved by using the same argument as Proposition 3.5. However, we have to prove the general case in another way because Lemma 3.4 does not hold in this case. Then the linear transformation 2ax
Proof. We may assume that
e((s(y 
I(A, c; u, v).
Then we have
We note that for any i = 1, ..., e and 1 ≤ j ≤ e − 2, we have
We have
e((u(y
e((u(y 
according as r ≤ e − 1 or r = e. Similarly we have
according as r ≤ e − 1 or r = e. This proves the assertion. 
whereχ is a character such thatχ 2 = χ. we have
Thus we have
This proves (1) . (2) Next assume that (
Then by Proposition 2,7 we have
Since χ is a primitive character, we have ∑
for any r ≤ e − 1. Thus we have
where l is an integer such that l 2 ≡ 4 det A modp e . Now there exists a character χ such thatχ 2 = χ. Then we have χ(l) =χ(4 det A), and this value does not depend on the choice ofχ. This proves the assertion (2). Now by Proposition 3.7, we immediately derive the following. 
Proof of Theorems 2.3 and 2.4. The assertions can be directly proved by Propositions 2.1, 2.2, and Theorem 3.8.
Special values of convolution products of halfintegral weight modular forms and twisted Koecher-Maaß series
For a holomorphic modular form g of integral or half-integral weight, we denote by Q(g) the field generated over Q by all the Fourier coefficients of g. First we recall the following result due to Shimura [11] , [12] under more general setting. Thus it is expected that Theorem 4.3 remains valid without the assumption on the congruence of a prime factor of N. As remarked in the Introduction, the above theorem is not a special case of Choie and Kohnen's result. Actually they treated the values of Koecher-Maaß series at integers. On the other hand, we treat the values at half-integers. This type of result has not been given in case n = 1, and is not expected in case n is odd. It seems interesting to know whether this type of algebraicity holds for the special values at half-integer of twisted Koecher-Maaß series of any cusp form of even degree. The meromorphy of this type of series was derived in [12] by using so called the Rankin-Selberg integral expression in more general setting, but we don't know whehter the functional equation of the above type can be directly proved without using the above method.
